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Energy gap in graphene nanoribbons with structured external electric potentials
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Physikalisch-Technische Bundesanstalt (PTB), Bundesallee 100, 38116 Braunschweig, Germany
(Dated: March 5, 2018)
The electronic properties of graphene zig-zag nanoribbons with electrostatic potentials along the
edges are investigated. Using the Dirac-fermion approach, we calculate the energy spectrum of an
infinitely long nanoribbon of finite width w, terminated by Dirichlet boundary conditions in the
transverse direction. We show that a structured external potential that acts within the edge regions
of the ribbon, can induce a spectral gap and thus switches the nanoribbon from metallic to insulating
behavior. The basic mechanism of this effect is the selective influence of the external potentials on
the spinorial wavefunctions that are topological in nature and localized along the boundary of the
graphene nanoribbon. Within this single particle description, the maximal obtainable energy gap
is Emax ∝ pi~vF/w, i.e., ≈ 0.12 eV for w =15nm. The stability of the spectral gap against edge
disorder and the effect of disorder on the two-terminal conductance is studied numerically within
a tight-binding lattice model. We find that the energy gap persists as long as the applied external
effective potential is larger than ≃ 0.55 ×W , where W is a measure of the disorder strength. We
argue that there is a transport gap due to localization effects even in the absence of a spectral gap.
PACS numbers: 73.22.Pr, 73.22.-f, 73.20.-r
I. INTRODUCTION
The continuing rise of graphene as a new and ex-
ceptionally promising material that outperforms conven-
tional metals and semiconductors has initiated an ongo-
ing quest for new physical effects. This has also generated
a multitude of exciting proposals for various technical ap-
plications, which have recently been summarized in sev-
eral reviews.1–3 However, due to single layer graphene’s
gap-less energy structure, applications where consider-
able on-off current ratios are indispensable are limited at
present. Proposals for the creation of a lattice anisotropy
that would lift the sublattice symmetry,4 or for the ap-
plication of strain fields5,6 that also could open an energy
gap have yet to be realized. At present, bilayer graphene
or certain graphene arm-chair nanoribbons have to be
utilized instead, if an energy gap is needed. In the latter
case, narrow ribbons of special widths have to be fabri-
cated so that, due to quantum confinement, an energy
gap or at least a transport gap in disordered ribbons is
formed. For ribbon widths below 30nm, the spectral gap
is larger than kT at room temperature.7,8 Recently, the
effect of a transversal electric field on arm-chair ribbons
has also been studied theoretically.9
Within simple non-interacting particle descriptions,
graphene zig-zag ribbons are metallic and the open-
ing of a spectral gap is impeded by electronic edge
states10–12 appearing in an energy range where for broad
two-dimensional graphene sheets valence and conduc-
tion bands touch. These edge states are sensitive
to an Aharonov-Bohm flux and robust against edge
reconstructions.13,14 For interacting electrons, it was
shown15 that zig-zag ribbons always have a gap due
to edge magnetization and that a homogeneous exter-
nal electric field applied across the ribbon causes a
half-metallic state.16 By employing the ab initio pseu-
dopotential density functional method,17 the authors of
Ref. 16 studied the spin-resolved electronic structure
of zig-zag graphene nanoribbons and the possibility of
spin-polarized currents. The influence of electron trans-
fer between the two edges on the half-metallicity of
the nanoribbon subjected to the electric field was also
investigated.18 Recently, a gapped magnetic ground state
has been suggested to be due to an antiferromagnetic in-
teredge superexchange.19
These advanced theories are extremely interesting for
clean graphene zig-zag nanoribbons. However, there is
still no conclusive direct experimental observation prov-
ing the existence of an one-dimensional magnetic state.
The latter may well be spoiled in reality by edge disor-
der or adsorbent atoms.20 Therefore, we try to clarify
in this paper whether one can obtain a spectral gap al-
ready within a single particle description. In order to
substantiate the relevance of such a basic model for real
graphene zig-zag nanoribbons, we investigate the influ-
ence of edge disorder on both the spectral properties and
the two-terminal electronic transport. In our work, we
first investigate a very simple spinless continuum model
that can be treated analytically and then we employ a
tight-binding lattice model including edge disorder ef-
fects, which we solve numerically.
Based on the Dirac equation for two-dimensional elec-
trons with Dirichlet boundary conditions imposed in the
transverse direction, we study in section II the influ-
ence of an effective potential acting within narrow strips
along the edge regions of the graphene zig-zag nanorib-
bon. This set-up, as sketched in Fig. 1, can be studied
experimentally in a three-dimensional device by apply-
ing voltages between the back-gate of a graphene zig-zag
ribbon and two top gates, one at the right and the other
one at the left edge, respectively. The results are given
in section III. For a perfectly antisymmetric electric po-
tential (left side V and right side −V , see Fig. 1), we
find a symmetric spectral gap at the Dirac point, which
2increases linearly with the applied voltage V . Increasing
the potential further, the gap reaches a maximum value
of ∼ π/w, where w is the width of the ribbon, and finally
closes again for even larger V . The splitting of the edge
state energies, however, still continues to rise with V .
In order to check how these results are influenced
by disorder, we study numerically a tight-binding lat-
tice model in section IV, calculate the two-terminal con-
ductance, and investigate the influence of edge disorder
on both the spectral and the transport gap. The for-
mer survives for V being larger than 0.55 × W , where
W 2/3 is the 2nd moment of the distribution P (ǫ) =
1/(2W )Θ(W − |ǫ|) that defines the disorder potentials
assumed along the ribbon edges. A transport gap, how-
ever, is still observable even for very strong disorder when
the spectral gap is absent.
II. MODEL AND SOLUTION
We study a zig-zag nanoribbon of graphene, infinitely
extended in x-direction and with finite width w in y-
direction (see Fig. 1) using the Dirac-type equation ap-
proximation. This Dirac-fermion approach usually de-
scribes correctly the low-lying states around the neutral-
ity point in graphene.2,21–24 There are two inequivalent
(Dirac) points at k = ±K (valleys) in the band struc-
ture where valence band and conduction band touch.
The wave function for wave vectors near K is writ-
ten as (ξ(a,x), ξ(b,x)), where a and b denote the two
sublattices of the graphene structure. Correspondingly,
(η(a,x), η(b,x)) is the wave function in the other valley.
Since the Hamiltonian does not mix the valleys near K
and −K, the Dirac equation separates and reads for the
first valley (in the other valley, we have a corresponding
equation with i∂x → −i∂x)
(
E − V (y) ~vF(i∂x − ∂y)
~vF(i∂x + ∂y) E − V (y)
)(
ξ(a,x)
ξ(b,x)
)
= 0. (1)
Here, vF ≃ 10
6m/s is the Fermi velocity, E the en-
ergy, and V the electrostatic potential depending only
on the y-coordinate. In what follows, we set ~vF = 1
but recover the units when showing our results in the
figures. In the corresponding lattice model, the bound-
aries at y = 0 and y = w are considered to be of zig-zag
type. Then, in a description in terms of the Dirac model,
we have periodic boundary conditions in the x-direction
and Dirichlet boundary conditions in the y-direction such
that ξ(a, x, y = 0) = 0 and ξ(b, x, y = w) = 0.25
In order to have a simple model that can be treated an-
alytically, we consider a piecewise constant electrostatic
potential V (y) = V for 0 ≤ y ≤ yL, V (y) = 0 for
yL < y < yR, and V (y) = −V for yR ≤ y ≤ w (see
Fig. 1). At the points yL and yR the potential jumps,
giving rise to a singular electric field only at yL and yR
within the two-dimensional graphene sheet pointing into
the y direction and being zero otherwise. ±V denotes
0 yy wL yR
0
V(y)
+V
V
FIG. 1: Cross section of a graphene zig-zag nanoribbon of
width w (dashed line) showing the effective potential V (y)
created by external voltages applied between the back-gate
and two top-gates. The top-gates extend in the x direction
along the left and the right edge having widths yL and w−yR,
respectively.
the strength of the potential of the respective potential
steps. This special choice leads to a symmetric energy
gap around the Dirac points at E = 0 if yL = w − yR.
Due to the periodic boundary conditions in the x-
direction, it is convenient to take the Fourier-transforms
ξ(a,x) = eiqxξ(a, q, y), ξ(b,x) = eiqxξ(b, q, y) and make
the following ansatz for the wave function ξ(a, q, y) in the
three regions of y
ξ(a, q, y) =


L+e
ikLy + L−e
−ikLy, y ≤ yL
M+e
ikMy +M−e
−ikMy, yL < y < yR
R+e
ikR(y−w) +R−e
−ikR(y−w), yR ≤ y
(2)
where kL,R and kM are given by
kL,R =
√
(E ∓ V )2 − q2, kM =
√
E2 − q2. (3)
The roots are defined to be positive if E is large and the
usual analytic continuation is taken otherwise. ξ(b, q, y)
is then obtained from the Dirac equation as
ξ(b, q, y) =


q∗LL+e
ikLy + qLL−e
−ikLy, y ≤ yL
q∗MM+e
ikMy + qMM−e
−ikMy, yL < y < yR
q∗RR+e
ikR(y−w) + qRR−e
−ikR(y−w), yR ≤ y
(4)
with
qL,R =
q + ikL,R
E ∓ V
, qM =
q + ikM
E
. (5)
Here, q∗M is given by qM |kM→−kM even for imaginary kM
and we have q∗MqM = 1. The same applies to qL,R.
The six amplitudes L±, M±, and R± follow from the
normalization, from the boundary conditions
ξ(a, q, 0) = L+ + L− = 0
ξ(b, q, w) = q∗RR+ + qRR− = 0, (6)
and from the matching conditions for ξ(a, q, y) and
ξ(b, q, y) at yL,R
eLL+ + e
∗
LL− = M
′
+ +M
′
−
3eMM
′
+ + e
∗
MM
′
− = e
∗
RR+ + eRR−
q∗LeLL+ + qLe
∗
LL− = q
∗
MM
′
+ + qMM
′
−
q∗MeMM
′
+ + qMe
∗
MM
′
− = q
∗
Re
∗
RR+ + qReRR− (7)
with the abbreviations M ′± =M±e
±ikMyL and
eL = e
ikLyL , eM = e
ikM (yR−yL), eR = e
ikR(w−yR).
(8)
The “complex conjugates” e∗L, e
∗
M , and e
∗
R are defined
as for the qL, qM , and qR. Normalization of the wave
function demands a non-trivial solution of Eqs. (6, 7) and
that determines the energy. Furthermore, there are non-
trivial solutions kL = 0 leading to eL = qL = 1, L+ =
−L−,M± = 0, R± = 0 and similarly for kR = 0, kM =
0. These result in a zero wave function and have to be
excluded.
After a straightforward calculation of the determinant
of the 6× 6 system, we get the condition for the eigenen-
ergies in the form f(E; q, V ) = 0 with a real f :
f(E; q, V ) =
1
qM − q∗M
1
qR − q∗R
1
qL − q∗L
×
{
qM (1− q
∗
Mq
∗
R)(1− q
∗
Mq
∗
L) eLeMeR −
q∗M (1− qMqR)(1 − qMqL) e
∗
Le
∗
Me
∗
R +
qM (1− q
∗
MqR)(1 − q
∗
MqL) e
∗
LeMe
∗
R −
q∗M (1− qMq
∗
R)(1 − qMq
∗
L) eLe
∗
MeR −
qM (1− q
∗
MqR)(1 − q
∗
Mq
∗
L) eLeMe
∗
R +
q∗M (1− qMq
∗
R)(1 − qMqL) e
∗
Le
∗
MeR −
qM (1− q
∗
Mq
∗
R)(1 − q
∗
MqL) e
∗
LeMeR +
q∗M (1− qMqR)(1 − qMq
∗
L) eLe
∗
Me
∗
R
}
. (9)
This function is even in V and for a symmetric arrange-
ment, yL = w − yR, we have f(−E; q, V ) = f(E; q, V ).
In the other valley, the eigenvalues are determined by
f(E;−q, V ) = 0. We denote the energy eigenvalues
resulting from f(E; q, V ) by Es,n(q), s = ±1, n =
0, 1, . . . ,∞.
In the absence of an external electric potential (V =
0), those wavefunctions corresponding to the eigenvalues
close to E = 0, i.e., Es,0(q → ∞) with s = ±1, are
localized along the edges.25 With M± = L± and κ =√
q2 − E2, one gets
ξ(a, q, 0 < y < w) = −2M+ sinh(κy) (10)
ξ(b, q, 0 < y < w) = s2M+ sinh(κ(w − y)). (11)
Therefore, when the edge atoms at the left hand side
are part of the b-sublattice and the edge atoms at the
right hand side part of the a-sublattice, the wavefunction
components of the b-sublattice are concentrated on the
left (y = 0) for both energies Es,0(q), while we find the
opposite for the components of the a-sublattice, which
are concentrated at the right edge at y = w. The edge
states’ width depends on the imaginary momentum κ.
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FIG. 2: (Color online) The energy spectrum Es,n(q;V ) of
a zig-zag graphene nanoribbon of width w = 15nm in the
absence of an external potential, V = 0.
III. RESULTS AND DISCUSSION
Now we turn to the discussion of the energy spec-
trum. In Figs. 2-5, we show a numerical evaluation of
f(E; q, V ) = 0. In graphene zig-zag nanoribbons, the
bulk gap closes due to surface states10,11 at the edges at
y = 0 and y = w. This is shown in Fig 2, where part of
the energy spectrum |Es,n(q)| ≤ 1.0 eV as obtained from
(9) is plotted for one valley and V = 0. If we then apply
a potential ±V that affects the eigenstates located at the
the zig-zag edges as described above, a gap opens pro-
portional to V until it reaches a maximum value deter-
mined by the width w in y-direction. Here, we study the
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FIG. 3: (Color online) The energy spectrum Es,n(q;V ) of
a zig-zag graphene nanoribbon of width w = 15nm in the
presence of external electric potentials V = ±0.0403 eV. The
width of the left and right strips (yL = w − yR) where the
potentials are applied is 2w/5.
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FIG. 4: (Color online) The energy spectrum Es,n(q;V ) of a
zig-zag graphene nanoribbon for external electric potentials
V = ±0.0978 eV. The widths of ribbon and potential strips
are as in Fig. 3.
symmetric case where yL = w − yR. For a finite electric
potential ±V , the magnitude of the spectral gap depends
on the width of the electrodes, yL = w−yR, as long as yL
is smaller than the effective width we ≈ q
−1 of the edge
state. Therefore, a much stronger V must be applied to
achieve the same spectral gap if yL < we. The energy gap
increases with yL and saturates at yL & we for which the
energy spectrum becomes independent of yL. The latter
situation is realized in Figs. 3, 4, and 5, where the steps
that define the width of the potential strips are chosen
to be at yL = 0.4w and yR = 0.6w, respectively. If we
continue to increase V , the gap closes again (see Fig. 5)
although the edge states, which can always be identified
by their nearly dispersionless eigenenergies, move further
apart because they are strongly affected by the external
potential. With increasing V , the transition point where
the bulk state transform into edge states moves to larger
q.
The energy spectrum at q = 0 can be found for arbi-
trary potential widths yL and w − yR by putting in (9)
qL = qM = qR = i. We get
Es,n(q = 0) = s
π
w
(n+
1
2
)− V
w − yL − yR
w
. (12)
For n & 1, the minima of the electron subbands and the
maxima of the hole subbands appear not at q = 0 but at
q ≃ 1/w. Also, for 2V < π~vF/w and increasing q, the
electronic states at Es,0(q) start to become almost disper-
sionless surface states close to the momentum q ≃ 1/w.
The corresponding eigenenergies can be calculated in the
range 1/w < q < 1/a0, where a0 is the lattice constant
of the underlying lattice model. A careful evaluation of
(9) in the limit q → ∞ yields for the upper (s = 1) and
lower (s = −1) state
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FIG. 5: (Color online) The energy spectrum Es,n(q;V ) of
a zig-zag graphene nanoribbon with electric potentials V =
±0.1725 eV. A closer inspection of the spectrum shows that
the curves do not cross. The widths of ribbon and potential
strips are as in Fig. 3.
Es,0(1/w < q < 1/a0) ∝
{
s|V |(1− e−2qyL) ; sV > 0
s|V |(1− e−2q(w−yR)) ; sV < 0.
(13)
The appertaining density of states can also be esti-
mated in this limit. It drops from large values at ±V
down to zero at the Dirac point. For V = 0, however, we
get Es,0(q) = s2qe
−qw and so the corresponding density
of states behaves in the limit of |Ew| → 0 as ∼ |Ew|−1.
Please note that in the Dirac approximation, the al-
most dispersionless states at E±1,0(q) seem to be true
solutions for all q → ∞. However, if one notices that
this model originates from a lattice model, one sees that
the nearly dispersionless states merely connect the two
valleys at k = +K and k = −K. That means, the Dirac
model needs to be supplied with a cut-off (qmax ≈ 1/a0)
in order to properly describe the asymptotic (E ∼ 0)
region of the tight-binding (TB) model.
IV. TRANSPORT, INFLUENCE OF DISORDER
AND CONCLUSIONS
To support our finding of an induced spectral gap
obtained within the continuum Dirac-model and to see
its influence on the transport properties, we calculate
numerically the two-terminal conductance g(E) of nar-
row graphene zig-zag ribbons applying a transfer-matrix
method within a TB-lattice model.26 Here, semi-infinite
leads are attached to both ends of the finite nanoribbon
and the electric conductance is defined as usual via the
transmission through the entire system (see Ref. 26 and
references therein for details). As an example, the log-
arithm of the energy dependent g(E) is shown in Fig. 6
5E/t
W = 0
W = 0.035 t
ln
[g
(E
,W
)/
(e
2
/h
)]
0.010.0050−0.005−0.01
0
−10
−20
FIG. 6: (Color online) The logarithm of the two-terminal con-
ductance g(E) vs. energy E of a perfect (blue curve) narrow
zig-zag graphene lattice of 15 nm width in the presence an
effective electric potential V/t = ±0.006 applied along the
edges showing a transport gap ∆E = 2V . The red curve re-
flects the influence of additional edge disorder W/t = 0.035
(see text below).
for a clean 15 nm narrow nanoribbon with an electric
potential V/t = ±0.006 applied along the edges lead-
ing to a transport gap around the Dirac point. Here,
t ≈ 2.7 eV is the nearest-neighbor hopping term in
graphene. The conductance exhibits sharp resonances
with maxima g(E) ≃ e2/h and decreases down to very
small values ∼ 10−10e2/h for energies between ±0.006 t.
The latter is due to tunneling and depends on the length
of the sample.
Fig. 7 shows the dependence of the induced transport
gap ∆E on the effective external potential V , and that
nicely confirms the linear behavior of our analytical re-
sults for small V . The transport gap data plotted vs.
potential in Fig (7) can be re-scaled by the respective
ribbon widths. The outcome of this procedure is, within
the given uncertainty of the data, a single fitting curve for
all data (not shown). This result can be understood from
an evaluation of (9) where one finds for yL = w−yR that
the maximal gap appears always at the Dirac point q = 0.
Therefore, Eq. (12) can be used to see that 2E1,0w = π
which together with the observed 1/2∆E = V relation
gives the scaling behavior mentioned above. The maxi-
mal transport gap observed in the lattice model agrees
within the numerical uncertainty with the spectral gap
of both the finite lattice model and the continuum model
where L→∞ was assumed. Recovering the units, we get
from (12) and ~vF = 3/2tc, where c = 1.42× 10
−10m is
the carbon-carbon bond length, that the maximal spec-
tral gap (for yL = w − yR) follows the relation
Emax(w) =
π
w
~vF =
3
2
π
w
tc, (14)
leading to Emax ≈ 0.12 eV for W = 15nm. We also
find in our numerical work that replacing the assumed
V/t
1/
2
×
∆
E
/t
0.10.080.060.040.020
0.03
0.02
0.01
0
FIG. 7: (Color online) The transport gap ∆E vs. external
potential V obtained numerically from the energy dependent
two-terminal conductance g(E) of narrow zig-zag graphene
lattices having widths 10 nm (H), 15 nm ( ), and 22 nm (•),
respectively. The straight line is ∆E = 2V and t ≈ 2.7 eV is
the tight-binding hopping energy.
piece-wise constant effective electric potentials by more
realistic smooth potential steps does not modify the re-
sults.
Finally, to check the robustness of this proposed gap
opening mechanism against edge disorder, which may
arise, e.g., through edge passivation by randomly placed
hydrogen atoms that is known to stabilize the edges of
pristine zig-zag nanoribbons considerably,27 we apply a
random disorder potential along the border of the rib-
bon. The eigenvalues are obtained by standard diago-
nalization of the Hamilton matrix for Lx × Ly graphene
zig-zag ribbons described by the TB-Hamiltonian defined
on a bricklayer lattice26 with sites r and nearest neighbor
distance a
H =
∑
r
ǫrc
†
r
c
r
− t
∑
〈r6=r′〉
c†
r
c
r
′ , (15)
where 〈r 6= r′〉 are pairs of those neighboring sites that
are mutual connected on the bricklayer. The disorder
potentials ǫr are uncorrelated random numbers that are
non-zero only at the outer sites (different sublattice on
left and right edge) along the zig-zag edges of the nanorib-
bon and uniformly distributed between ±W , where W
denotes the disorder strength.
The resulting density of states (DOS) of a 15 nm zig-
zag nanoribbon with Lx/a = 720, Ly/a = 72, and V/t =
0.02, averaged over 1000 disorder realizations, shows a
broadening of the DOS-peaks around E/t = ±0.02 that
originate from the edge states (see Fig. 8). With increas-
ing disorder potential strength W/t = 0.005, 0.01, 0.015,
0.02, 0.025, 0.03, and 0.035, the spectral gap decreases
linearly. This is seen in the inset of Fig. 8, where the
above results are shown together with additional data
from a system of size Lx/a = 960, Ly/a = 48 (10 nm rib-
bon), and V/t = 0.01. All data points collapse onto the
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FIG. 8: (Color online) The density of states ρ(E) of graphene
zig-zag nanoribbons (Lx/a = 720, Ly/a = 72) with ex-
ternal edge potentials V/t = ±0.02 in the energy interval
−0.025 ≤ E/t ≤ 0.025 around the Dirac point. One identifies
the disorder broadening of the peaks at E/t = ±0.02, which
belong to the eigenstates located along the ribbon edges,
for disorder strengths W/t = 0.005 (black narrow peaks),
0.01 (red), 0.015 (magenta), 0.02 (orange), 0.025 (blue), 0.03
(green), and 0.035 (grey broadest peaks). The mean spectral
gap Eg decreases linearly with increasing disorder strengthW .
This is shown in the inset (•) together with additional data
for a system of size Lx/a = 960, Ly/a = 48 and V/t = 0.01
( ) which all scale onto a single curve Eg = 2V −1.1W almost
until the gap closes.
function Eg = 2V − 1.1W , which was also observed for
other ribbon sizes having widths larger than 7 nm. There-
fore, a gap should remain open in experiments when V
is tuned to be larger than 0.55×W , where W is usually
fixed by the sample dependent intrinsic edge disorder.
Here, the mean energy gap Eg = 1/Nr
∑Nr
i (E
+
i −E
−
i ) is
defined as the ensemble averaged difference between the
smallest positive and the largest negative eigenvalue aver-
aged over Nr realizations. For general disorder with box-
probability density-distributions P (ǫ), we find a gap clos-
ing relation Eg = 2V − κΓ
1/2
2 , where Γ2 =
∫∞
−∞
ǫ2P (ǫ)dǫ
is the second moment of the disorder distribution and
κ = 1.9 is an empirical constant.
The influence of edge disorder on the logarithm of the
two-terminal conductance, ln g(E,W ) averaged over 100
realizations, is shown in Fig. 6 for a finite lattice of width
Ly/a = 72 and length Lx/a = 720. Due to the ran-
dom edge potentials, the sharp conductance resonances
of the clean sample are smoothened out. Yet, a transport
gap remains visible even in the case of strong disorder
W = 0.035 t when the spectral gap has completely van-
ished but g(E) still drops six orders of magnitudes from
about g ≃ 0.1 e2/h at E = 0.008 t to g = 10−7e2/h at
E = 0. This means that the almost one-dimensional edge
states of the clean sample become Anderson localized in
the presence of sufficient edge disorder. This notion has
been corroborated by an investigation of the respective
eigenstates and by calculations of the length and disorder
dependence of g(E). Previous studies have reached sim-
ilar conclusions for nanoribbons with rough edges.28,29
In conclusion, we have shown that the application of
external electric potentials, covering the area of the elec-
tronic edge states that are located along the zig-zag edges
of a graphene nanoribbon, can open a tunable spectral
gap. Thus, one can convert the metallic behavior into a
semiconducting one. For small potentials, the gap in-
creases linearly with the potential strength, reaches a
ribbon-width-dependent maximum π~vF/w (≈ 0.12 eV
for w =15nm) and closes again with further increasing
electric potentials. The origin of this effect comes from
the sensitivity of the spinorial edge states to electric po-
tentials. Applying distinct external biases to the left and
right edge state leads to a different shift of the almost dis-
persionless edge energies as long as they are not pinned
to the Fermi level. Using electric potentials of opposite
sign causes the largest energy gap possible. The disorder
effects, which may be due to atoms and molecules that
saturate the dangling-bonds along the zig-zag edges in
real samples, are found to reduce the spectral gap. The
latter remains, however, finite as long as W < 1.82V ,
where W is a measure of the disorder strength and V the
applied effective electric potential. For even larger dis-
order strengths, a transport gap is still present allowing
for reasonable on-off-rations for the electric current. Fu-
ture experiments will show whether the present results
of single particle physics are sufficient for the descrip-
tion of a gap opening by external potentials in graphene
zig-zag nanoribbons or if theories that emphasize edge
magnetism15,16,19 due to e-e interactions have to be ap-
plied.
Note added: During the review procedure, we became
aware of a recent paper30 by Bhowmick and Shenoy that
addresses a spectral gap opening induced by external δ-
like potentials placed along the edges of graphene zig-
zag ribbons. This specific potential choice represents a
special case contained in our model.
1 A. H. Castro Neto, F. Guinea, N. M. R. Peres, K. S.
Novoselov, and A. K. Geim, Rev. Mod. Phys. 81, 109
(2008).
2 C. W. J. Beenakker, Rev. Mod. Phys. 80, 1337 (2008).
3 A. H. Castro Neto, Materials Today 13, 12 (2010).
4 G. Giovannetti, P. A. Khomyakov, G. Brocks, P. J. Kelly,
and J. van den Brink, Phys. Rev. B 76, 073103 (2007).
5 G. Gui, J. Li, and J. Zhong, Phys. Rev. B 78, 075435
(2008).
6 V. M. Pereira, A. H. Castro Neto, and N. M. R. Peres,
7Phys. Rev. B 80, 045401 (2009).
7 M. Y. Han, B. O¨zyilmaz, Y. Zhang, and P. Kim, Phys.
Rev. Lett. 98, 206805 (2007).
8 Y.-M. Lin, V. Perebeinos, Z. Chen, and P. Avouris, Phys.
Rev. B 78, 161409 (2008).
9 D. S. Novikov, Phys. Rev. Lett. 99, 056802 (2007).
10 M. Fujita, K. Wakabayashi, K. Nakada, and K. Kusakabe,
J. Phys. Soc. Japan 65, 1920 (1996).
11 K. Nakada, M. Fujita, G. Dresselhaus, and M. S. Dressel-
haus, Phys. Rev. B 54, 17954 (1996).
12 K. Wakabayashi, Y. Takane, M. Yamamoto, and
M. Sigrist, New Journal of Physics 11, 095016 (2009).
13 K. Sasaki, S. Murakami, and R. Saito, J. Phys. Soc. Jpn.
75, 074713 (2006).
14 K. Sasaki, M. Suzuki, and R. Saito, Phys. Rev. B 77,
045138 (2008).
15 Y.-W. Son, M. L. Cohen, and S. G. Louie, Phys. Rev. Lett.
97, 216803 (2006).
16 Y.-W. Son, M. L. Cohen, and S. G. Louie, Nature 444,
347 (2006).
17 J. M. Sole´r, E. Artacho, J. D. Gale, A. Garcia´, J. Junquera,
P. Ordejo´n, and D. Sa´nchez-Portal, J. Phys.: Condens.
Matter 14, 2745 (2002).
18 E. Kan, Z. Li, J. Yang, and J. G. Hou, Appl. Phys. Lett.
91, 243116 (2007).
19 J. Jung, T. Pereg-Barnea, and A. H. MacDonald, Phys.
Rev. Lett. 102, 227205 (2009).
20 J. Kunstmann, C. O¨zdog˘an, A. Quandt, and H. Fehske,
Phys. Rev. B 83, 045414 (2011).
21 T. Ando, T. Nakanishi, and R. Saito, J. Phys. Soc. Jpn.
67, 2857 (1998).
22 M. I. Katsnelson, K. S. Novoselov, and A. K. Geim, Nature
Physics 2, 620 (2006).
23 V. P. Gusynin and S. G. Sharapov, Phys. Rev. Lett. 95,
146801 (2005).
24 T. Ando, Physica E 40, 213 (2007).
25 L. Brey and H. A. Fertig, Phys. Rev. B 73, 235411 (2006).
26 L. Schweitzer and P. Markosˇ, Phys. Rev. B 78, 205419
(2008).
27 T. Wassmann, A. P. Seitsonen, A. M. Saitta, M. Lazzeri,
and F. Mauri, Phys. Rev. Lett. 101, 096402 (2008).
28 M. Evaldsson, I. V. Zozoulenko, H. Xu, and T. Heinzel,
Phys. Rev. B 78, 161407 (2008).
29 E. R. Mucciolo, A. H. Castro Neto, and C. H. Lewenkopf,
Phys. Rev. B 79, 075407 (2009).
30 S. Bhowmick and V. B. Shenoy, Phys. Rev. B 82, 155448
(2010).
